The abnormal solutions of the Bethe-Salpeter equation are examined. It is shown that they are not permissible in quantum field theory. A special example of the soluble BetheSalpeter equation is presented to show that it actually has many redundant solutions. § 1. Introduction Wick l ) and Cutkosky2) have introduced an example in which the Bethe-Salpeter equation leads us to a set of abnormal solutions. The abnormal solutions are supposed to appear closely bound up with the relative time which does not show itself in the ordinary formulation of the nonrelativistic two-body problems. Green and Biswas 3 )4)5) have once discussed such standpoint and remarked that the strangeness might be the new quantum number due to the relative time. This statement would be very interesting to us, if we could show that the abnormal solution would describe twobody states permissible in quantum field theory_ It has, however, never been proved that any solution of the Bethe-Salpeter equation can be an eigenstate of the total Hamiltonian, although it has been shown 6 ) that all the eigenstates of the Hamiltonian are solutions of the Bethe-Salpeter equation. Therefore it seems to us that under certain circumstances the Bethe-Salpeter equation has physically meaningless solutions. Scarf and Umezawa 7 ) examined the abnormal solutions in Wick-Cutkosky's example with use of the Sakata-Taketani amplitude 8 ). They concluded that the abnormal solutions cannot describe any physical state, because all of them degenerate and have singularities at ,.12=1 (J.; a coupling constant) and, therefore, the two,body propagator cannot be well normalized at this point. As shown in the example in § 3 of the present paper, however, such degeneration is not a general feature of abnormal solutions: we need to find another physical reason in order to exclude the abnormal solutions_ In § 2, we give a reason for it which will suggest that the abnormal solutions conflict with general principles of quantum field theory_ In § 3, it is noted that the relative time plays an essential role even in nonrelativistic two-body problems as far as use is made of the Bethe-Salpeter equation_ We shall present an example of the nonrelativistic Bethe-Sa.lpeter equation which has some unphysical solutions due to the relative time.
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Here D", Db and de are the propagators of the fields cfa, cfb and ¢c respectively.
The constant a is defined as follows:
The symbol omt stands for the hermitian conjugate of the matrix 0"'. In the following we shall omit the indices representing field components; Introducing the center of gravity coordinates XI" the relative coordinates XI' and a function :E as follows:
Let us now use the reference system of the center of gravity, where cp (XI" xI ') can be written as cp (Xo, xp). ** In the approximation of neglecting the retardation effects in dc, Eq. (2·5) turns out to be the following relation: It must be noted that Eq. (2·6) has no relative time in the amplitude cpo
In general, the Bethe-Salpeter equation (2·5) has two kinds of solution, which we call the normal and abnormal solution. The former has a corresponding solution in Eq. (2·6) and the latter does not. Thus the appearance of the abnormal solutions is due to the relative time in the Bethe-Salpeter amplitude.
On the other hand, we have the following equation in the scattering problem of the particles a and b:
Here Xi" IS the incident wave of a form
where KI' and kl' are the total and relative energy-momentum respectively:
Since the relative momentum kl' is a space-like vector,* we can introduce the
) . In this way the relative time in the incident wave disappears. Since any solution of (2·8) is determined uniquely by the incident wave xin, disappearance of the relative time in the incident wave indicates that the relative time plays no important role in the scattering problem. Indeed, it can be shown that there is no abnormal solution at all in scattering problems. To see this, we consider the non-retardation approximation of Eq. (2·8) :
In this approximation, any solution X having X'''-expi( -KoXo+kl'xl') changes into X, whose incident wave is Xin -exp i ( -KoXo + kx) . Thus, we see that there
.exists one to one correspondence between solutions of Eqs. (2·8) and (2 ·11). We shall write this correspondence in a following form (2 ·12) where ~ is a linear function having its inverse. (2· 12) indicates that no abnormal solution appears in the scattering problem. This is a situation different from that * Here it is assumed that both ma and mb are larger than zero. If one of them, for example, ma' is zero and the other is not, the relative energy-momentum kfL lies on the light cone. In this 'case, however, defining the center of gravity and relative coordinates as XfL=aXafL + (l-a)xbv. and -xfL=Xbv.-Xav. with O<a< -2kav.kb"/(mb2-2ka,,kbiJ)' we see kfL to be space· like, although this definition is based on the ambiguous concept of the center of gravity in the relativistic theory.
in the bound state problem. Further we remark that the iteration method applied to (2·8) leads us to the Feynman diagrams of the scattering problem. This means that X (and also i) is an eigenstate of the total Hamiltonian. We thus see that the scattering wave solution of the BetheSal peter equation is normal.
We shall now show that the abnormal solutions in the bound state problem are not permissible in quantum field theory. As an example we shall consider the case shown in Fig. 1 , where an abnormal solution is indicated by a dotted lineThere is assumed that the system is specified by Then the state changes into 
471: r
Here r is the spacial distance between two fixed fermions. Now, in the lowest ladder approximation, the Bethe-Salpeter equation IS written' as follows.
( i_a_-m) (i-a_--m)f/J(xI, X2)=g2t1F(XI-X2)f/J(Xr, X2).

(3·3) ati at2
Comparing the solutions of Eq. (3·3) with the true' bound state given by (3·2), we shall examine whether (3·3) has any redundant solution or not. Denoting the respective time-coordinate of two fermions by tl and t2 and introducing T and t by the relations T = tl +t2 As is easily seen from (3 ·11), the eigenvalue c has a form c=a(pr)/r. 
V(x, pr).
In the case of p oF 0, the form of Vex, pr) is picturized in Fig. 2 We shall show in the Appendix that this long range potential gives us a degeneration of an infinite number of solutions at A 2 =i.* (See Fig. 4) To study the properties of the solutions in some more detail, we investigate the eigenvalue satisfying the condition
where A2 is non-zero and finite. Introducing x'=xlal, we obtain { a2 A2 1
When I a I is small, (3· 17) can be reduced to the form
where
one finds (3·21)
We thus obtain
CA 2 f(x', r) =--f(O, r)e-I"'I.
(3·22)
Now let a value of x' be zero in Eq. (3·22). Taking account of Eqs. 
As can be seen easily, this is just equal to Eq. (3 ·18), whose eigenvalue has been found to be given by Eq. (3·23). Thus in the non-retardation formalism, we get the eigenvalue (3·2) only. In this section we have compared the solutions of the Bethe-Salpeter equation (3·3) with the true energy eigenvalue given by (3·2) to show that the relative time gives rise to the redundant solutions which must be excluded. It is remarked, however, that even if we did not know the eigenvalue of the Hamiltonian, we could exclude all of abnormal solutions by means of the method discussed in § 2.
In other words, we should omit all the solutions which do not appear in the nonretardation formalism. § 4. Concluding remar~8
We have examined the solutions of the Bethe-Salpeter equation and suggested that its abnormal solution is not permissible in quantum field theory. This statement was further proved in § 3 in a special example of the Bethe-Salpeter equation.
In the static model, the binding energy is nothing but the potential between two particles. Therefore it is supposed that the bound states in the normal and abnormal potentials obtained from the static Bethe-Salpeter equation correspond respectively to the normal and abnormal solutions of the covariant one. Indeed, it will be considered that Wick-Cutkosky's solutions 1 ),2) correspond to the bound states in the potential which is the solution of Eq. (A ·1). Appearance of the .degeneration at A2=i in both Wick-Cutkosky's and our case seems to be understood in this way. Although our discussion is based on the lowest ladder approximation, it may be possible to generalize it to the case including the higher order corrections. Nevertheless, it has not yet been clear whether the complete Bethe-Salpeter equation without any approximations has actually the redundant solutions or not; further investigations on this point are desired. 
In the same way we can see that the eigenvalues of the functions Jeven are given as fol~ows, ,.<2=:l+ 
